Abstract. We present an infinite hierarchy of nonlocal conservation laws for the Przanowski equation, an integrable second-order PDE locally equivalent to anti-self-dual vacuum Einstein equations with nonzero cosmological constant. The hierarchy in question is constructed using a nonisospectral Lax pair for the equation under study. As a byproduct, we obtain an infinite-dimensional differential covering over the Przanowski equation.
Introduction
Integrable systems play an important role in modern theoretical and mathematical physics, see e.g. [1, 4, 10, 15, 21, 27, 28, 29] , and this is particularly true for integrable systems in four independent variables a.k.a. 3+1 dimensions, cf. e.g. [20, 24, 28] and references therein, since according to general relativity our spacetime is fourdimensional. Moreover, a number of integrable (3+1)-dimensional systems of immediate relevance for physics arises within general relativity upon imposition of (anti)self-duality conditions, see, for instance, [1, 3, 20] and references therein, as is the case for the Przanowski equation studied below. Namely, Przanowski [23] has shown that locally every anti-self-dual Einstein four-manifold (M, g) admits a compatible complex structure and the metric has the form (1) g = 2 u ww dw dw + u wz dw dz + u zw dz dw + u zz + 2 Λ exp(Λu) dz dz .
Here u = u(w,w, z,z) is a real function on M , w and z are holomorphic coordinates on M andw andz denote their complex conjugates; Λ = 0 is the cosmological constant, cf. e.g. [6] and references therein. As usual, the subscripts indicate partial derivatives, e.g. u w = ∂u ∂w etc. The metric (1) is, see [23] , an anti-self-dual Einstein metric if and only if u satisfies the Przanowski equation (2) u zw u wz − u ww u zz + 2 Λ exp(Λu) + u w uw exp(Λu) = 0, which is a subject of intense research, see e.g. [2, 9, 16] and references therein. We leave aside the case of Λ = 0 as then, upon having imposed (anti)self-duality on the metric one has to use a normal form of the metric different from (1) and arrives instead of (2) at a different PDE, cf. e.g. [1, 16, 20, 22, 25, 26] and references therein.
Hoegner [9] has established integrability of (2) by constructing a nonisospectral Lax pair for (2) of the form
where ψ = ψ(z, w,z,w, ξ), Q = −u w uw exp(Λu), and
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Here ξ is an additional independent variable which plays the role of (variable) spectral parameter, see [7, 19, 24, 29] and references therein; we stress that u ξ ≡ 0.
The presence of this Lax pair makes it possible, at least in principle, to obtain exact solutions for (2) using the inverse scattering transform, cf. e.g. [19] and references therein, or the twistorial methods, see, for example, [3, 9, 20] and references therein.
Existence of infinite hierarchies of conservation laws is a well-known feature of integrable systems, cf. e.g. [15, 21] and references therein, and we show below how to construct such a hierarchy for the Przanowski equation using a modification of the above Lax pair, and prove that the conservation laws in question are nontrivial and linearly independent.
The rest of the article is organized as follows. In Section 1 we construct an infinite hierarchy of the nonlocal conservation laws in question. In Section 2 we set the stage for Section 3 and our main result, Theorem 1, establishing linear independence and nontriviality for the conservation laws from the hierarchy in question.
1. Infinitely many nonlocal conservation laws for the Przanowski equation Proposition 1. Equation (2) admits a Lax pair L j χ = 0, j = 1, 2, where χ = χ(z,z, w,w, p) and
Proof. It suffices to observe that L i are related to l i by the change of variables p = ξ exp(Λu)u w /uw.
The Lax operators L i enjoy a simpler structure than l i . Indeed, they can be written as (3)
where ω 1 is defined by the formulas
i.e., the quantity ω 1 is a nonlocal variable, namely, a potential for the following local conservation law for (2):
Substituting a formal Taylor expansion
is an arbitrary smooth function ofw andz, and χ 1 satisfies the equations
where χ 0 1 (w,z) is again an arbitrary smooth function ofw andz.
We now see that χ i for i = 2, 3, . . . satisfy the recursion relations
Thus, we have an infinite-dimensional (differential) covering over (2) defined by (7) . System (7) gives rise to an infinite hierarchy of nonlocal conservation laws for (2):
where k = 1, 2, 3, . . . , r, s = 0, 1, 2, 3, . . . , and A k,r,s and B k,r,s are defined by the following relations:
and for k = 1, 2, 3, . . . we set
The conservation laws (8) are linearly independent and nontrivial, as weare going to establish in Theorem 1 below. Notice that this implies inter alia nontriviality of the covering (7). In closing note that (2) enjoys an obvious discrete symmetry w ↔w, z ↔z which however does not extend to its Lax operators l i or L i . This implies that there exists another infinite hierarchy of nonlocal conservation laws for (2) obtained from (8) by the simultaneous swap w ↔w, z ↔z. (6) and (4) are equivalent in the sense of [14] , which inter alia implies that we can set without loss of generality χ 0 0 = −w, χ 0 1 = 0. Hence, the infinite-dimensional covering (7) can be rewritten as
2
and choose internal coordinates on the associated diffiety E , i.e., the infinite prolongation of (9), as follows (see e.g. [5] for geometry of diffieties):
Then the total derivatives on E read
where R = u wz u zw − (u w uw − 2u ww )e u u ww is the right-hand side of (9) .
To introduce nonlocal variables, we, for convenience of notation, do some relabeling, namely, let χ 1 = ω 1 and χ s = χ s−1 , s ≥ 2. Then the nonlocal variables used below are
The total derivatives lifted to the covering equation arẽ
where the nonlocal tails
and χ s w , χ s z are as defined above and take the form (10)
where RW s , RZ s are the right-hand sides in (10) .
In what follows, we shall need the following presentation of the coefficients RW s :
where s > 2 and o denotes terms of lower jet order both in u and χ s and inessential for the subsequent computations.
Nontriviality of conservation laws: the proof
Equations (10)- (11) define an infinite family of (nonlocal) conservation laws
for equation (9) . In other words, on E we have
Note that all these conservation laws are two-component in the sense that expressions (14) involve only two total derivatives,D z andD w , out of four.
It could be of interest to find out whether (9) also has three-or four-component conservation laws, cf. e.g. [17, 18] and references therein, and to explore nonlocal symmetries for (9) involving nonlocal variables χ sw kzl being potentials for the conservation laws (13) .
We intend to prove that the system of the conservation laws in question is nontrivial. Let us clarify this claim. The system of conservation laws ω 1 k,l defines the tower of coverings
where E is the infinite prolongation of the Przanowski equation, while the covering equations E 1 i contain the nonlocal variables χ 1 w kzl , 0 ≤ k + l ≤ i, and E 1 being the inverse limit. In a similar way, we define by induction the towers
We are going to prove the following Theorem 1. For any i ≥ 0, an arbitrary finite system of conservation laws ω i+1 k,l of the equation E i is linearly independent.
The nontriviality of these conservation laws is, in view of their structure, see (8) , a straightforward consequence of their linear independence.
The proof of Theorem 1 will be based on the following Proposition 2 (see [11] , cf. [13, 12] ). Let E be a differentially connected equation
are mutually independent in the sense of Theorem 1 if and only if E * is differentially connected as well, i.e., the only solutions of the systemD
are constants.
Proof of Theorem 1. We begin the proof with an easy observation: (2) is differentially connected.
1 Recall that an equation is called differentially connected if the only functions that are invariant with respect to all total derivatives on E are constants.
Before proceeding with the proof of the theorem, let us briefly describe its outline. We prove that the space kerD w consists of functions that depend onw, z, andz only, from where the desired result follows immediately. To this end, we perform double induction: on i in (16) and on s in (15) for each i. The case i = 1 is special and is considered separately. So, the base of induction is i = 2.
Let us employ the notation F (U , n 1 , . . . , n s ) for the space of functions that depend on a finite set U of internal coordinates in E and nonlocal variables χ ᾱ w kzl , α = 1, . . . , s, k + l ≤ n α . Lemma 2. If F ∈ F (U , n 1 , . . . , n s ) then n s > n s−1 > · · · > n 1 .
Proof of Lemma 2. The fact is a straightforward consequence of the defining equations (10) and (11) .
Let us now pass to the proof of the theorem.
Step 1 (s = 1). We prove here by induction on n 1 that the conservation laws ω 1 k,l are linearly independent. Denote n 1 = n. Let n = 1 and perform induction on n. Let n = 0. Theñ
This means that the set U may consist of the variables w,w, z,z, and uz only, i.e.,
and consequently
Thus, F = F (w, z,z). Let now n > 0. ThenD
In this expession, the variables u σ of the maximal jet order are u ww kzl+1 , k + l = n. Consequently, F is invariant with respect to the fields
Note now that the coefficients ofD w at ∂/∂χ 1 w kzl are independent of the variables u ww i , i > 0. From this fact in immediately follows that F cannot depend on u iw , i > 0. Hence, taking commutators of the fields Z k,l with ∂/∂uw we obtain that F is invariant with respect to the derivations ∂/∂χ 1w kzl , and this finishes the induction step.
Step 2 (s = 2, the base of induction on s). Let now F ∈ F (U , n 1 , n 2 ) Lemma 3. n 1 = n 2 + 1.
Proof of Lemma 3. Consider the total derivative
Assume that n 1 > n 2 + 1. Then differentiating (17) with respect to u ww kzl+1 we get that F is invariant with respect to the field , etc. Eventually, we shall arrive to the independence of F on all the variables χ 2 w izn−1 , and this completes the induction step for s = 2.
Step 3 (the induction step). Let F ∈ F (U , n 1 , . . . , n s ) Lemma 4. One has n j = n j+1 + 1, j = 1, . . . , s − 1, i.e., n j = n + s − j, where n = n s .
